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XV TI.' On the Method of deter minings from the real Probabilities 
of Life 7 the Values of contingent Reverjions in which Three 
Lives are involved in the Survivor/hip. By Mr. William 
Morgan, F* R* S* 




Read May 26 9 1791. 

AVING been encouraged to the further purfuit of the 
do&rine of furvivorftiips by the very honourable man* 
ner in which my two former Papers on this fubjedt were 
received by the Royal Society, I think it my duty to fubmit 
the refult of my labours to their conlideration. The folutions 
of fome of the following problems might have been derived 
from tho'fe which I have already communicated ; but the dired 
inveftigatiou of each feparate problem being certainly more 
fatisfadlory, and the rules obtained by this means in general 
more fimple, I have considered no problem as conne&ed with 
another, except the relation between them either immediately 
arifes from the folution, or is neceffary to prove the truth of 
it. Being anxious to render myfelf as concife as poffible, I 
have been minute only in the inveftigation of the firft pro- 
blem, and have done little more than ftate the contingencies 
which will determine the furvivorfhip in the others. By the 
affiftance, however, of thele, and the operations which are 
detailed in my former Papers, the theorems which I have given 
may be deduced without much difficulty. 

In 
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In order to prevent unneceffary repetitions, it may not be 
improper to begin with explaining the different fymbols which 
are ufed in the following pages* 

A, "I 



B ' * of A, B, or C 



denote the value of an annuity on the refpe£live lives 

D ? denotes the value of S on the contingency of Cs fur- 
viving A (by my 2d prob. Vol. LXXV1II). 

E, denotes the fame value on the contingency of B's fui> 
living A, found by the fame problem. 

F, denotes the value of an annuity on a life one year younger 
than B. 

G ? denotes the value of the abfolute reverfion of S after the 
death of A. 

H, denotes the value of an annuity on a life one year younger 
than A. 

K, denotes the value of an annuity on a life one year younger 
than C. 

L, denotes the value of an annuity on the longefi of the 
three lives of A, B, and C. 

M, denotes the value of S by the firft problem on the con- 
tingency that A's life fhall be thtjir/i that fails. 

N, denotes the value of an annuity on a life one year older 
than A. 

P f denotes the value of an annuity on a life one year older 

than B. 

R, denotes the value of S on the contingency of B's dying 
after A (by my 3d prob. VoL LXXVIII). 

S, denotes the given fum. 

T, denotes the value of an annuity on a life one year older 

til tin w® 

V, denotes 
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V, denotes the perpetuity. 

W, denotes the value of S on the contingency of C's dyinar 
after A (by my 3d prob. Vol. LXXVIII). 

a and a denote the number of perfons living in a table of 
obfervations at the ages of H and A. 

j, /, u, w 9 &c. denote the number of perfons living at the 
end of the xft, 2d, "3d, &c. years from the age of A. 

(3 and b 9 denote the number of perfons living at the ages of 
F and B, 

tn 9 n, o 9 p 9 Sec. denote the number of perfons living at the 
end of the j ft, 2d, 3d, &c. years from the age of B„ 

% and c denote the number of perfons living at the ages of 
K and C. 

d 9 e 9 f] g 9 &c. denote the number of perfons living at the 
end of the ift, 2d, 3d,^&c. years from the age of C. 

of 9 a° 9 a"\ &c. ^ denote the decrements of life at the end 

b\ b'* \ b /f/ 9 Sec. I of the ift, 2d, 3d, &c. years from the 

c' 9 c'\ c ;// 9 &c. J refpe&ive ages of A, B, and C. 

r, denotes the value of £. 1 increafed by its intereft for a 
yeai% 

The combinations of two or three of the feveral letters A, 
B, C, F, H, &c. denote the values of annuities on the joint 
continuance of two or three of thole refpe&ive lives. 

problem 1. 

To determine the value of a given fum, payable if A fhould 
be thejirjl that fails of the three lives A, B, and C. 

SOLUTION, 

In order to receive the given fum in the firft year, it is 
neceffary that one or other of four events fhould happen, ift, 

That 
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That all the three lives fhould fail, and that A fhould die firft. 
2dly, That B fhould die after A, and C live. 3dly, That C 
fhould die after A, and B live. 4-thly, That A only fhould 
die, and B and C both live. Thefe feveral contingencies being, 

«- t , a! . b — m , c~7d a f . b — m . d a' . c — d\ m •* //-. ^ 

ed by -. ~, .- = , — — 7— ■"-» an d — --^ , 

x J %abc lube , -labc abc 

__„_ — ^ „..,_... r ........ ll m . r .... ..... r m _ ^ 

reipectively. their lum will be=— - * — + 1- -7-+ -7-. hi 

r J abc 3 3 6 

the fecond and following years one or other of the fame events 
muft take, place in order to receive the, given fum ; that is, they 
muft either all three die, A dying firft; or only A and B muft 
die, A dying firft; or only A and C muft die, A dying firft ; 
or only A muft die, and B and C both live. The different 
fraftions expreffing thofe four contingencies for the fecond year 

.. »i win —■ — — <fc«fc— ■■■ i ■ IW U* ."ii 1 I MMMNW 

<■ . a" . m-~n . d—-e a" . m — n . e a n . d — e . n j a" • ne r 

bein g - — ^ — > — ^r~> --^r-' atld ~^t- J for 



$abc 2abc 7 labc ' abc 



a" r . */" 



the third year ^ £, — ^ r ~, -— _,and — 

and fo on, the whole value of the given fum will be = 

S . a' be , /w^ . »?f , W S . 0" »z^ «*? . w^ #/<?• S . a"' 

.,,„■ X •— "j" — "x" — — — • "f" — — "T" — ' • • X — . -4- — -j- — — -p ■■" — - -p X 

#for 3 3^6 abcr^ 33 & ^ ^ r3 



ne . of . oe . nf . - „i • i ^ S abc a r md a . en . 

_j-^i -u T -r-f-.f&c. which are = —7- x r — 7 — r — ; — + &c + 

0366 3^ r r r 

s x f^ + ^ + ^ + & c. + ^x^ + ^ + 2^ + &c. 



babe r r % r 3 babe r r 2, y 3 



r . J_ x a JL a + a -ill+±Jl + &c. From the demonftration of. 

>~ $qbc r r' r 3 

the problem in my laft Paper * it appears, that the.firfl of 
thefe feries is = I x ±^E^ - *- x EC -ABC ; that the fe- 

cond feries is=^ x — x — •; that the 

* See Phil. Tranf. Vol, LXXIX. 

Vol. LXXXI. L 1 third 
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third ieries is = - x _— — 7 ~ x ; and that the 

6 h or c 



<~ 1 r • 'S 7 *— — — —— S W . FT — APT' rri, r r 

fourth ieries is = - x rJL — AbL x . J neie ie- 

3 y ^ hc 

veral expreffions being added together will be found = S into 

1 X J • FK - AJ K^EKr^K ~ g y FC _ AF c + ZI x BU^ABC 



w. PC- AFC j^ BT-AB F m . FT -APT 

bbr 2 cr 2 • * b 

This theorem gives the exa£t value when either B or C are 
the oldeft of the three lives; but when A is the oldeft, it will 
be neceffary to exchange the fymbols a\ a" > a n ', &c. for 
a — s, j — t, t — u 9 &c. and the fymbols m 9 n, o 9 &c. for 
c - c\ c — c' + c' f c — c' + c /y + c 0/ , &c 9 In this cafe the value 
of the given fum for the firft year will be found =:— into 

abc bsc amc msc abc , bsc f amd msc' r \ r 1 

_ — . __ + _ — — — _ 4. — . — 4. _,_ j | or tne lecond year rr 
22226633 ^ 

S . & msc mtc , w ntc msc 1 mtc" n$c" , ntc" m<c' . m/c' 

into — - — - — + — — — 7 — f- — - - f-^ — (• 



*&>* 2 2 2 2 6 6 3 s 22 

™' + ^; for the third year = -^ into *<- ^f + f!!£ + 55f _ 2^' + 

2 2 ^ abcr 3 2 2 2 2 6 ^ 

war"' old" \ oud" nt . *'+*" nu . "7+T 77 *> . 7'+c" ou . ~7~+7' 

6 3 322 2^2 * 

and fo on for the remaining years of A's life. Hence the 
whole value of the given fum will be=:— x~ + ~ + ~ + &c» 

lab r r z r 3 



S bs . mt nu ' S am . ns . ot c S 

X— + -?+-? + &C. + — X — .+ - +--+ &C. - — 
2#£ r r r d 2^ r r z r 3 2^ 



wj nt . ou . Q S , ^^/ , wjr , ntc" , S 

— + -r + -T + ^ c * ^~ rr x 1 — r+— r~ + & c - "~ ■ — ^— x 

r r r* babe r. r r 3 zabcr 



msd , nt .<! + <?' - S ^/ ^^^ ^^ s 

~ + &C. + t-t-X — + ^^ + ~_ + & C . +— f — X 

r a 6^r r r a r r 3 %abcr 

mtc 
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■■-■' — * ' *" "" " ' ' " ■■'■——■ » n !■ ■ ■ ii. — *t, ■■ w . ..i.i. n .j— n -n» » ■ **MK* m»m f *ii **& il* m » » ■ ■ > — <w w ny *» — — . 4 »>iwiwwi'i'W m mw*wwiw»t 

— ^ — ■ — -i~&c. ~~— x_^ — ^4*-^ ^^^^c. — _ x 



1> — . + &c, + ~-x f- — r--f -~r-+ & c * x —7- x 

*" r $abe ■ r r 2, r* zabcr 



^.°JLlL — L_ -f & c . . * . The firfl: four feries are refpe&ively 



r r 



•0. HF , i + AB\ '0. AF * . HB AB >vL c a . c 

* — — - (or — ~ — J - - — -~- + — — -*_... The nrlt term of 



lab K %r J 2b 



%a 2 



_ * • * •. » 

the fifth feries, or — , is=*4~ x 1^ ^IjJlZL the fecond term 



msc" • aB m$ ms . c — e' + c" msc f ' , . . , ^ 

or — ^, xsr: ~-~.x -—- — ~- .... the third term* 

r 2 ^r z «# age r A , * 



'tit >» ' ■'»" « I . . i ' i l l iii r „ """■""■ II "I II I ii ill 

or TT*> IS Ti x -t T3 — r— • Therefore 

** «^r J a£ age r 3 

thefumofthefifthandfixthferiesiss - !^fH? f _ _^1 _ 






tit . c' + c" e x I 



# , — &c # r= ) ~ — . x AB — ABC. In the fame manner the 
feventh feries may be found ~ — x AF - AFC mtc ' 



ti , babe 



nu . c +c 

- wmwmtmmmmummmmmmmummmmm 

baber* . 



&c, ; and confequently the fum of the feventh and 



. , , r . . jS.AF — AFC , 5.BN-BNC A v t . , - 

eighth lenes 13 *c g^ + - — ~ — -•. Again, the ninth and 

, . , ■ MP . ,1 ■ 1 ,■■ ,.,,, 

tenth feries may be founds — ( _ -—-.^ — v-.- 1 !— 



la •■•-... \ Saber 2, taker 



fn AP i-iw APC 

& c , —^ ~ — t t ■■'■ '■- ; and the eleventh and twelfth or two 



, n r - AB-ABC/ t ■»// , ^.c / +c // t c N t ^.PN~PNC 

' 3 \ ' -ow^f-r baber* J babr 

If all thefe expreffions be added together, we fhali have the 

Value of the given fum 2= S into ^ x — -^ — -^ AF + f AFC 

LI 2 4* 



, 5 2 Mr, Morgan on 



W iWi l» W i Ut t ^ J &V jeSiSafejSiia W Mjpi i 



, I x "jl HB + 2i l!^ - A B 4- 2 ABC -f -1 - lig±-^ - AB - ABC 

' 6 a V a 



. ™ x id^zA^ _ AP - APC • 

' oar a 



It may be obferved, that the firft four feries are alfo — E* 
and therefore If this value be fubftituted inftead of — ~ 9 &c, 

lab 



the general rule will become = E + S into - — x HB-HBG + 

° 2/2 



B 



3# 2b 



FTy— TWC f — I I AB -~ ABC g> A F-AFC w.AP-APC. ? 

Vm^lbixC+^ x PN^PNC Suppofing the three 

J5r# 

lives to be equals the firft of thefe rules will become=il"~ _ 

2r 



x* . KK-CKK i -^ T^wST^ * . CK-CCK , d • CT-CCT 

; — _ ~ — . _ — x v^V^ — v^v^O — t — - — — 4 : — - — ' 

o . cc y be tcr • 

7 -H 7 ? and the iecond rr . — —- — hr 4J 

^1 ~CC CCC * . ~CK~ CCK kk . KK^TCCK f d . CT^CCT , 
dd TTX CTT 

— : bc - : and alfo the rule denoting the value (when 

either B or C are the eldeft of the three lives) will become = 

r— 1 . CC — CCC * jr^r-p pTH? i ** v V/ — y. vr rp d 



CT — CCT dd — — — - 

f -~y~ - ~ x IT - CTT. Let this laft expreffion be called 
Q and compared with the firft of the preceding expreffions. In 
this cafe we (hall have i±^^^l£^ J^ES^ ^ . 1 

p 1 ! ■■ ■' — n» !j- ■n^rnji- 11 ... !!,.■■„ I, . n .,,.^ ni,,,,,,!,, t *^' 

Q» from which Q may be ea% found = 
Again, let the fame expreffion, denoted 

by 
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by Q^ be compared with the fecond of the preceding expref- 

fions, and we mail then nave .«. — — • 4- 



wnMMMnmaw 



2r 2 ir 



Q, and confequently Q= S x ~— ^ as before* • . . . 



6 r 



Now it is well known, that when the lives are all equal, the 
value of the reverfion muft be one third the difference between 
the perpetuity and the three joint lives, and therefore a demon- 
ftration arifes of the truth of the whole folution. As a ftill 
further proof of this, the foregoing theorem may be imme- 
diately deduced from the feries themfelves : thus, the value of the 

given fum for the firft year will in this cafe be— 3 ~ ; for 



the fecond year it will bd « -—3?^ J for ^ e third year it will be 
s=- 'rY- . Hence the value of the whole reverfion will be= 

3 C r 



1 x I -* - - &c. + - x-n + Ti + 74 + &c « = - *J 

a r* 'cV * 3 r 3 c-r l c*r 5 c*r* " } 

i «ccc+— "==- xEIiXz££S . . . Q.E. D. 



PROBLEM II. 



To determine the value of a given fum, payable if A fliould 
be the fecond that fails of the three lives A, B, and C« 



SOLUIIO N« 



The fum S may be received in the firft year, provided either 

% This expreffion may alfo be obtained from either of the above general n^es f 
independent of the two Qth&rs, in like jnanner as in the. folution. of the fourth 
problem* 
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of three eveiits fhould happen; ift, if the three lives fhould 
become extind, and A be the fecond that fails; adly, if A 
fhould die after B, and C live; and, 3dly, if A fhould die 
after C, and B live. But in the fecond and following years* 
the given fum may be received, provided either of feven events 
fhould happen, ift, If the three lives fhould fail in the year, 
A's life having been the fecond that failed. 2dly 9 If A only 
fhould die in the year, B having died before the beginning and 
C lived to the end of it. ^dly, If A only fhould die in the 
year, C having died before the beginning and B lived to the 
end of it. 4thly, If A fhould die after B in the year and C 
live. 5thly, If A fhould die after C in the year and B live* 
6thly, if A and C fhould both die iii the year (A dying firR) 
and B's life fhould have failed in one or other of the foregoing 
years ; and, ^thly, if A and B fhould both die in the year (A 
dying firft) and Cs life fhould have foiled in the foregoing 
years. From the feverai expreffions denoting thefe contin- 
gencies the whole value of the reverfion may be found =r 

S a'c \ a"d "-7777™—— s a , d a „ e a ,y ' 

_- X — - -f — - + — r~ ~f- &C. + — - + — -f — r- ~i f -f &C. + 

lac r r r 6 lac r r r* 



S ab , a"m ■ a!"n ,0 , S a'm , a"n , a'"o , Q 

— X — + —-^—±. -f- &c. -J- _X — - + _ + _ + &c. 

lab r r r* 2ab r r r 3 



2S a' be t a u md a n ne Q 2. S , a'md , a"ne , a"' of , c 

%abc r r z r 5 %abc r i A ? 3 



S a'mc . a"nd . a" ! oe , ■« S afbd , afme , a"'nf . ' 

$abc r r r 6 £abc r 1 r$ 

The two firft of thefe feries arenD, . . the two next = B . • * 
and it appears from tJhe folution of the preceding problem that 
the four remaining feries exprefs double the value of the fum 
S> depending on the contingency of A's dying firft (when B 
or C are the oldeft of the three lives) with a negative fign. 

The 



Surworjhipu ^ 2J5 

The general rule, therefore, m this cafe will become = D-f 

But when A is the oldeft life, recourfe muft be had, as 
in the fecond part, of the preceding problem, to different fym- 
bols, and the value of the reversion will then he found = 

i x -1*4-™ +- + &7. + r x - + -[7^T~&c^ + 

#£ r r z r J ab r r r 5 



— x — +_- + &c. — x f-_^4-_^ 4. & c , ^ 

3^ r r z r 3 $abc r r 2 y$ 

3^ r r r 3 3^ r r J r* 



JL x ^ + J^4±£ + &c. - ' 1. x ^ + ^LifjLfl' + &c. + 



± ***+«•' + <': + &c. - |x^+^4il + &C.+ 






l x i_i^ + l^i_i + &c. + "X + - a + 



<iac r r 



'lac r r 



&c ,-ix^^ + U&c. + ^x^4+^+&c. Thelaft 

OLK " a b r r z r* ab r » r 3 

two, and the firft ten feries are=-2M, the eleventh and 
twelfth feries are=D, and the thirteenth and fourteenth feries 
=E ; confequently the general rule becomes = D +E - 2M, as 

before. 

Suppofing the lives were all equal, the above expreffion would 

be = s^.vgc.aj x 73T.V-=-CCC = |xHI x 

V^CC-^CCC, which is known from other principles * to be 
the true value, and therefore the inveftigation is right. As a 
further demonftration, however, it may not be improper to 

* See Phil. Tranf. Vol. LXXIX. 

obferve, 
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pbferve, that this rule is immediately obtained from the dif- 
ferent fractions which exprefs the feveral contingencies in each 
year. For in this cafe, the value of S for the £rft year becomes 

S I dd , 2d 3 r <i r J S „ dd ee 2d 3 , 2e$ 

^™x - - [-— 9 for the lecond year ~ — x _ -| — 

r A cc c 5 r cc cc c 5 c* 

and fo on for the other years. Thefe feries being added 

Him ■ »■ - — — ■- — « -».,...— ,-— , — ■* — 1 n i — i .» . .. , MM MW —^ . - 

together will be found ==- — x — + ~ 1 — ■ + -5 — - + &c. — 



£ x3^ + J£L + &c. + Lx2ff+--3^+&c.-Ix^l+Jfl, 
+ &c.= s x™x V-3CC-2CCC Q. E. D. 



PRO BL E M III. 

To determine the value of a given fum payable on the 
death of A, if his life fhould be the lajl that fails of the three 
lives A, Bj C. 

SOLUTION. 

The given fum can be received in the firft year only upon 
the extinction of the three lives, A having died laft. In the 
feeond and following years it may be received provided either 
of four events fhould happen : ift, if all the three lives fhould 
fail in the year, A dying laft ; 2dly, if A fhould die after C in 
the year ? B having died in either of the foregoing years ; 
3dly, if A fhould die after B in the year, C having died in 
either of the foregoing years ; 4thly, if only A fhould die in 
the year, B and C having both died before the beginning of it. 
The value therefore of the reverfion (when B or C are older 

than 
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< *0mn immmii i* im *mm»*** * <rt m 0m 



than A) will be «» — x -4.—-+ _4&cv+ — r x -— H + 

/ a r r z t$ iabc r r z 



ne 



Tpbi 



Y 



3 



» *^ i S v. fl ' OT,3? I *"**' ! *"'*/ I £r/- I S s, a ' mC ! ^'^ 1 atft ° e 

4 &c* 4" -*— x - — " 4" - — - + — t^ 4 ^^* 4 t— x — — 4 — — 4 — - 



MN^OKWWWWMWK*"* 1 "^^ 



.ft , S w * ** f * ^ • a n f . * S (? > c . *"^ ', *'"' a 

■4- $£C. 4 t-t x r t~ + ~r~ + ^ c » — — x — 4 — 4 — -*- 4- &C* 



M W MOHm iiiil . iK W Wi Mfa lMi m *■*** » * 



_ x —-4 -+4 + &c. - _ x — + «_ 4 — : -. 4 &c. 

■2ac r r z r^ %ah r r « r 3 



S/ // /// 

«_ x . — 4 _4 _ 4 &c. =:U + M- JL) + H#. 
2tf£ r r 1 . r 3 

When the life of A is the oldeft of the three lives, the fjm* 
bols being changed as In the two preceding problems, the value 

of the reverfion will become = — —- x — 4^~ 4- ^~V + &c *- 



babe r * r z 



MM I H Ii u fc BI 



msc f ., nt-ic'^rc" Q S foe' #?#'' »«/" 

x -, — 4 * — r — 4 etc* 4 7-7 * — 4 — r~ 4 — r~ + & c * + 



Habcr r r % babe r r 3, r 3 



x -j j- occ. - — y- x — - 4 _- 4 — _ 4 & c# 



2 ^^ fr r r 2 3^ r r^ t 



MMMMlMMMtt 






mitf'Hii .ilftl 









S s—t . / , ^ — u . ^4^ 



+ &c« 4— x 1—4~ it— 4&c» 

* acr r r 

By the fecond part of the folution of the firft problem, the 
firfl: eight feries may be founds=M-E; and the laft two 

feries being eafily refolved into — x -ZL4JI.4 Sl^^Stc. — 

o • ft t t r^ - 



. L .„ ,,.,-rtr X . ■*+- — ». ■ 1 ■ " ■ '" ■ "»— "T" (Xvi ' *^* -4*. w~ ■ „ 

4 &c. are = G — D. Hence the general rule, as in the former 
cafe, becomes zG + M«D 4 E* 

VOL, LAAA1» 1V1 IB Wlieil 
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When the lives are all equal, the above expreffion will be 



changed into -xr-ixv-L+ — _ — V - UL ==, 

° r 3 r 

x — ^— ; or "• one-third the value of the abfol'ute reverfion after- 
3 

" the extinction of the longeft of the three lives, " This is 
known from fblf-evident principles to. be the true, value, and 
therefore the foregoing lblution is correct:. The fame rule may 
alio be obtained immediately from the -feries ; ( for the value in 

this cafe for the firft year will be = - x - --1 -f- — — for- 

r 3 c cc 3 C * 

t r t S cfi t$ dd . a , ee e * r /-■■ 

the iecond year=-r- x — h — - + - + - - — 9 and io on for 

the remaining years. Hence the whole value of the reverfiott* 

•■'■ m » j , ... .; ,,, I. - - ' ;' ■ i«i . * ■ ■ • « ■ -**: 

• 111 S T , O I | ' — I • O V Lj 

ill be=.~ x- L + - x - - L= x 

3 r 3 r r 3 



•'. • ».,. 




BRO B L- EM IV. 



To determine the value of a given fum payable on the ex- 
tindion of the lives of A and B* fhould they be the firjl that: 
il of the three lives A % B, and C; 



sat w T io N.- 

The given fum may be received in the fir ft year, either on 
the extinction of the three lives,, C- having died laft ; or on 
the extin&ion of only the two lives A and B, C having fur- 
vived the year. In the fecond and following years the given 
fum may be received!, provided either of fix events fhould 
happen, ift,, If the three lives fhould become extih£fc in the 
year, C having been the laft that failed* zdly, If A only 

fhould 
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Ihould die in the year, B having died before the beginning, and 
C lived to the end of it. 3dly, If B only (hould die in the 
year, A having died before the beginning, and C lived to the 
end of it, 4-thiy, If A and B (hould both die in the year, 
and C furvive it, jthly, If C (hould die after A in the 
year, B having died in either of the foregoing years, 6thly, 
if C (hould die after B in the year, A having died in either 
of the foregoing years. The fra&ions denoting thefe fe- 
veral contingencies being added together will be found — 



S a'c a" .d u'".e „ S ^ a d a"e a nt .f « 

— x - 4- .-.—-— + _ [~ &c. + — x 1 + — — + &c. 



dab 



X 



a' be . f/'md , d"ne , Q S r» 7 . *' , ne . a' A- a 



tt 



c r 



+ ~r— -i r- + &C. + —7- X 1 1 r- + OCO. 

r z *° lube* r r 



s x^l + ^ + fl / Jf + &c. ^x^ + ^r^+&c. + 



30^ r r* r 3 2«£o* 



txa^r r r % % ? 3 ' ■ %abcr r 



X h-r- 1 + &C. -7- x i h&C, 

3^ r r~ r 3 2^<r r r 

The firft two feries are = D ; the third and fourth feries are = 

.#MNMMHMWMBlMmMMM«MMMMMMMI*** 

1 x BC^ABC^ g '- f , K ~ Al,K ; the fifth and fixth feries are= - 

K^BK=JBK __ m . PC - AFC ^ feV€nth and elghth f eries = 



3^ 6/? 



A . fc-afc ■ </_. bt-abt ^ the ninth and tent h f e ries = 
a^Jf^^.,.* : x5C ~l^r. Hence the whole value of the 

bbcr 3 

reverfion will be = D - ^ x g : FK ,T AFK + BIC^ABK + ^f x 



3 s 



zl> ' t>i> 



FC^AFC- 2 - S - r " I xbC-ABC-^x PC- APC + S ~^ 



x 



m PT — APT 
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The preceding theorem exprefles the value of the given 
fum whether C be the oldeft, or B one of the two lives to be 
furvived, and will therefore be iuffkient in all cafes. In order* 
however, ■ ftill more fully to prove this, let A be fuppofed the 
oldeftlife, and inftead of h — m, m — n^ & ~ o 9 &c. and a\ a"\ 

a"\ &c. let b% b'\ h /r \ &c. and ^ — J, s ~ /, / - «, &c. be 
fuhftitu ted ;■ then will the value of the reverfion be found » 



S *&' . db" . eb nt , Q '$ ah' y ,/■" , 'fj» . 



_. x — ■ + -— 4 — ,- + &c. + - — x — + + &c. — 

babe r r r* %«bcr r r* 



X —+—-+ ~ — + -&C. — X — H -— + &C. ~f- 

yxbc r r* r labcr r r 2, 

S adb' ~seb" " fib"' ' ~ , S \eb' , tfjT+o"" , Q 

o^fo r r r* ' labcr r r 



34 be r r r* labcr r r 

Let £ denote the value of S on the contingency of Cs fur- 
viving B ? and the general rule deduced from the preceding 



S.* *. HK-HBK 



feries will become = £ —~JL~x— h AK-* ABK + 

3 2tf * 



^xHC-HBC-^I^ I X AC-AbC-^xHc~NBC+' 



S • ^ TT ITPtF , * • NT-NBT . 

— XAi -AJ51 -I — — -, which appears to be exadly 

the fame rule with the foregoing, if the fymbols of A and B 
be only exchanged for each other. 

If the three lives be of the fame age, both thofe rules will 



feverally become = S into r — x V-CC ~ ~ xKK -CKK 

2r tec 



-xeK-CCK-^f-^xCC-CCC+^-xCT-CCT+^ x 

u * 3 r Ocr beer 

2 TT — • 
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TT - CTT. The two expreffions - ^JEz£^ + -iLx 
CT — CCT, by refolvmg them into their refpedtive feries, will 
be found =*—, I- r~ + rr-a + rH + rr* + &c«* and the two 

or 6cr orV o, /^ oc 2 ; 4 

expreffions — — ; X CK. - CClv 



bar ^ 6r 6^r 



7—1 ;+^+~i + &c. ; hence the fum of thefe four expref- 

Oar oar^ o^r* r 

^ __ V \T — C C 

fions will be =: — ~, and confequently the general rule 



Or 



in this cafe will be---^ — X V - 3CC -zCCC, which is 

known to denote the true value from other principles *. 

As a further proof of the accuracy of the preceding invefti- 
gation, it may not be improper to obferve, that this rule may 
be immediately obtained from the different fractions which 
exprefs the value of the given fum in each year. For in this 

cafe the value of S in the firft year is = — X - — — + ~ — , in 

/ 3 r ccr c 3 . r 

-■ ■ ■ ' - 1 1 ■ - - 

the fecond year — - x4-7~^£*~ ~t~,+—2.j an ^ fo on in the 

J 3 <V ccr* i*r l ccr 27 

other years, which expreffions may be eafily found = 

S . r— 1 



S r 



li X V - 3CG - 2CCC. Q. E. D. 



PROBLEM V. 

To find the value of a given fum, payable on the death of 
A, if his life fhould be the Jirji or fecond that fails of the three 
lives A, B, and C. 

* See my Paper in the Phil. Tranf. Vol. LXXIX, 

S © Is 0- 
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SOLUTION. 



Ill the firft year the payment of the given fum depends 
upon either of four events, ift, 'That all the three lives (hall 
become extin£t, the life of A having been the firft or fecond 
that foiled. 2dly, That A and B (hall both die, and C live to 
the end of the year. 3dly, That A and C (hall both die, and 
B live to the end of the year. 4thly, That only A (hall die, 
and B and C both live to the end of the year. In the fecond 
and following years the payment of the given fum will depend 
Upon either of eight events happening, lft, That all the 
three lives (hall drop in the year, A having been the firft or 
fecond that failed. 2dly, That G furvives, and only A and B 
die, in the year, ^dly, That B furvives, and only A and C 
die in the year. 4thly, That both B and C furvive, and A only 
dies in the year. 5thly, Thar A dies in the year, B having 
died before the beginning, and C lived to the end of it. 6th!y, 
That A in like manner dies in the year, C having died before 
the beginning, and B lived to the end of it. -ythly, That C dies 
after A in the year, B's life having failed ineither of the preced- 
ing years. 8'thly, That B dies after A in the year, Cs life having 
failed in either of the preceding years. The fractions denoting thefe 

feverai contingencies are = — x— + — ; 1 5-+ &c. + 

° lac r r- r* 



x _ +.__+__ + &c. + — -x — + — r - + — r + & c . + 

r r r* lab r r 2 r* * 



%ac r 



%ab. r r" r s $aoc r r 4 ? 3 



babe r r z t* bubc r * r % ? 3 
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This general rule gives the true value whether the life of A 
be older or younger than both or either of the lives of B and 
C. When the three lives are of equal age, the value of S for 

the firft vear will be — ~x - + ■, — — , for the fecond year^: 

* r 3 <•* a- y 

» mi ni 1 « >—■ ■—■> win — > — m i j i i w— 1— [ WiWWmw 

- X—,"**" -— H — > aQ d fo on for the other years. Hence 



S. 



the whole value in this cafe will be = — — - X 2 V — ^CC — CCC. 

which expreffion may alfo be derived from the general rule juft 
given above, or D + E ~ M. 

The folution of this problem may alfo be obtained either 
from the firftand fecond, or from the third problems, In the 
one cafe the value of S is evidently equal to the Jum of the 
two values determined by the two firft-mentioned problems^ 

or D + E-2M + M = D'+.E--Mf. And in the other cafe its 
value is equal to the difference between the abfolute value of 
the reverfion after A (—G) and its value depending upon the 
contingency that A (hall be the lajl life that fhalT fail, which. 

being = G+ M — D + & by the third problem, it follows, that 
the general rule on this fuppofitioii will be -alfo,=:D-fc-E — - 1VL 

Vz» suit jLs*. 



PROBLEM VI. 

To find' the value of a given fum payable on the death of A,,. 
ihould his life be the fcand or third that (hall fail of the three 
lives A, B, and C. 

s o l u t 1 o N* 
The payment of the given fum in the fir ft year will depend 
upon the contingency of either of three events* ift, That 

7 a ^ 
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all the three lives fliall become extind, A having been the fe* 
•cond or third that has failed. 2dly, That A fliall die after 
B, and C live to the end of the year. 3dly, That A fliall die 
after C, and B live to the end of the year. In the fecond and 
•following years the given fum will become payable, provided 
either of eight events fhould happen, ift, If all the three 
lives fliould fail in the year, A having been the fecond 
or third that died, idly, If A fliould die after B in the 
year, and C live to the end of it. ^dly, If A fliould 
die after C in the year, and B live to the end of it. 4thly, If 
A and C fliould both die in the year, B having died before the 
beginning of it. 5thiy, If A and B fliould both die in the 
year, C having died before the beginning of it. 6thly, If A 
only fliould die in the year, the lives of B and C having be* 
come extind in either of the preceding years. 7thly, If A 
fliould die in the year, B having died before the beginning, and 
C lived to the end of it. 8thly, if A fliould die in the year, 
C having died before the beginning, and B lived to the end of 
lit. Hence the whole value of the re verfion will be founds 



i x i +4+4' + fa. - -5 r x'*+^+"4>' 



ibc r r r s babl r r r 3 



babe 



X •— + -J-+ — ^ + &C. = (jr - JM. 

%ubc r r r* 

This rule is corred in all cafes ; but when the three lives 

r , 

are equal it becomes more Ample, and is zz --■* r '~~l x 



a s s es 



2V-3C-CCC; which expreffion may likewife be obtained 
immediately from the feries given above. 

The folution of this problem, like that of the foregoing 
one, may alfo be derived from the firft three problems; for the 

value 
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value of S is either equal to the difference between the abfolute 
value of the reverfion after the death of A and its value de- 
pending on the contingency that A fhali be the firjl that fails 
(found by Prob. 1.), or it is equal to the Jim of the two values 
depending on the contingencies that A (hall be the fecond or 
third that fails (found by Prob. 2. and 3.). In both cafes the 
general rule is ^ G — M* Q. E. D* 

problem vix. 

To find the value of a given fum payable on the death of A* 
fhould his life be the jirjk or Iqji that fails of the three lives 
A, B, C. 

SOLIITlO N. 

In order to receive the given fum in the firft year, it is ftecef- 
fary that either of four events fhould happen. 1 ft, That all 
the three lives fhould fail, A having been the firft or third that 
died, adly, That B fhould die after A, and C live. 3<dly, 
That C fhould die after A, and B live. 4thly, That A only 
fhould die, and B and G both live. In the fecond and follow- 
ing years the given fum may be received, provided either of 
feven events fhould happen, ift, If the three lives fhould 
fail, A having been the firft or laft that died, adly, if B 
fhould die after A in the year, and C live to the end of it* 
3dly, If C fhould die after A in the year, and B live to the 
end of it. 4thly, If A only fhould die in the year, andB and 
C both live to the end of it. fthly, If A's life fhould fail 
after that of B in the year, C's life having failed before the be- 
ginning of it. 6thly, If A fhould fail after C in the year, 
B having failed before the beginning of it. 7thly, ..If A only 

Vol. LXXXI. N n fhould 
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fhould die in the year, B and C having died in either of the 
preceding years. From the fractions denoting thefe feveral 
contingencies the whole value of the reverfion will be found rz: 

-X 1 h —r + &C. X f- ~— • + — r- + &C. - 

a r r l t s lac r r r J 



S a'd , a"e a'"f t . « S a' b , a"m , a'"n , Q 

2#£ r y r* lab r r r* 



-7X- + T+-T +&c. + — - X — + — r- +— 3 - + &c. + 

X + _- + __-}. & C . + — X +— -+— r^+ &C. + 

3##£ r r J *■> 3^ r r ;'* 



x l^ + ^ + V + &c. = G-D + E+2M. 



3#<k r r" 7 

This general theorem will give the exa£t value in all cafes ; 
but when the lives are equal, it is rendered more fimple, by 
fubilituting the feveral values of G, D, E, and M, and will 



S . r 



then become— ~^-^x 2 V-3.C — 3CC+2CCC5 which expref- 

fion may alfo be derived in this particular cafe from the dif- 
ferent feries denoting the value of S in each year. 

The folution of this, like thofe of the two preceding pro- 
blems, may likewife be obtained by the affiftance of the firffe 
three problems. For the value of this contingent reverfion is 
either equal to the fum of the two values of S payable on the 
death of A, if his life fhould be the firft, or if it fhould be 
the laft that fails (found by Prob. i. and 3.), or it is equal to 
the difference between the value of the abfolute reverfion after 
A's death, and the value of the contingent reverfion after A's 
death, provided he fhould be the fecond that fails of the three 
lives (found by Prob. 2,). In both cafes the general rule be- 

comes.= G-D + ii + zM. Q. E, D, 
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PROBLEM VIII, 

To find the value of a given fum payable on the death of 
A or B, fhould either of them be the ■ firjl that fliall fail of the 
three lives A, B, and C. 

SOLUTION* 

In each year the payment of the given fum will depend upon 
either of fix events, ift, If the three lives fhould fail in the 
year, A or B having died firft. idly; if A and B fhould die in 
the year, and A live, ^dly, If C fhould die after A in the 
year, and B live. 4thly, If C fhould die after B in the year, 
and A live. fthly, If A only fhould die in the year, 
and B and C both live. 6thly, If B only fhould die in the 
year, and A and C both live. The fractions denoting thefe 

r 1 -• 2S bcaf , md • a" , neat" , Q 

leveral contingencies are » — - x b—r — ! — ; — 1- &c. — 

%abc r r r 3 

im m mmm mmn 1 m mm tW mmmm*>mmM*m*~mgmmmwmmammmmmmmm*m*mmmmmmmmmmmmmm "— n — ~ 1 — < — 'r m ■ m in. » i m u jii 1 1 i 1 1 i»m.u.ii . * mmmmmmmmmmmm 

S , M mca! , nda" , oea in , . S ^ bad , mea" , nf , a' 

_- X + -r- + — r+ &C + — X j-_-.-f.-l_ (- &c. + 






Q S b — m.d m—n<e 1 n — o.f . «_ S bed md.a'^a" 

occ + — 7- X — r~" — a i 5 — -4-occ. ^ — — x — *i — ~ 

%bc r * r t 5 %abc r r~ 



+& c. + ix^+=^+&c * X^ + ^'+ & c. 



+ s ^ + «^ + &c . . s int0 z x ^5rA5 + 



^ ^ r 3< 



jS.FC-AFC , 2.r-i.i3C-ABC t ^.FC~APC J 



BR - ABJ^ Fb -\ y — H| Wr — X 

BT - ABT 41 - ' PT 2 ~ — + S (2 denoting the value of S on 

the contingency of C's furviving B, as in Prob. 4.) 

he 
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The above rule gives the exad value when C is the oldeft 
of the three lives* But if A be the oldeft, the fjmbols 
ffluft be changed as in fome of the foregoing problems, 
and the value in this cafe will be exprefled by the ferles 

aS w abc 9 m$c" ■ ntc f " « S amc' . mc" otc f// « 

* X -f- — r— T T~ "F CXCt — 7 — — X -f" -— ~ -j 5" + OcC. — ■* 

%abc r r r 3 babe r t r* 

■mm 

S bsc f mtc" , nuc * S msc f ntc" ouc f " . 

babe r r* * r 3 3 A r r* r 



S ab % m$ t nt t » S ms t nt t cu t o 

T-X — +"^ + ~T + &C * T X + — +— r + &c. - 



_ x — • + 1 + occ* -1 — 7 x — + j -f. &c. t rom 

$#£ r r abc r r 

thefe feverai feries, the general rule expreffing the value 

of the reversion will be found =» S into r -^~^ — ~ — x 

r 3# 



.^— — HHWWlt 



^ . HF-HFC f HB-HBC jS . AF~AFC o . r- 1 . AB-ABC 

b 2 6b %r ~. 



m . AP- APC S BN -BNC w . PN-PNC 

bhr %ar % b 

When the lives are all equal, the firft rule becomes 

T . V-CC , 2 . 7^1 . CC'- CCC , kk . KK^CKK . * . CK^CCK" 



r- 
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■— , and the lecond rule^ — ^ 



11 |l" I "K*wi> 
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— . In the one cafe the four laft fra£lions are 



iccr 



r - ~ ; and in the other cafe thofe fradions are= - 



— — — . ; therefore, in both cafes the general rule becomes 



inn , i |h i iw i ■»> ■**> ■ w w w :r-. ^BKaa8paff 



s; ^z^lL^^ x V - CQC P which h known to be the true value 

from 
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from felf- evident principles* This exprefiion may alfo be 
immediately derived from the different fractions which denote 
the value of S in each year. For in the firft year thefe fractions 

will be reduced to — x -., in the fecond year to 

•2 r c r i J 



- x -=-5-, in the third year to — x -_— ^> and 10 on in the 

3 c^r z * 3 c r c r 

other years. Hence the whole value of the reverfion will, as 
above, be = 2 - s ; r ~ T x V ~ CCC. Q. E. D * 



PROBLEM IX* 

To determine the value of a given fum payable on the death 
of A or B, fhould either of them be the fecond that fails of the 
three lives A, B, and C. 

SOLUTION. 

The payment of the given fum in the firft year will depend 
upon either of four events happening. I ft, That the three 
lives fhould fail, A or B having been the fecond that failed. 
adly, That A fhould die after C, and B live. 3dly, That B 
fhould die after C, and A live. 4thly, That A and B fhould 
both die, and C live. In the fecond and following years the 
given fum will become payable, provided either of eleven. 
events fhould happen, ift, If the three lives fhould drop in 
the year, A or B having been the fecond that failed, adly, If 
A fhould die after C in the year, and B live, ^dly, If B 
fhould die after C in the year, and A live. 4-thly, If A and B 

* I do not know that any folution hai been attempted before^ either of this or 
of the two following problems* 

fhould 
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fhould both die in the year, and C live. 5thly, if B only 
fhould die in the year, A having died before the beginning, and 
C lived to the end of it. 6thly, If A only fhould die in the 
year, B having died before the beginning, and C lived to the 
end of it. ^thly, If G (hould die after A in the year, B hav- 
ing died in either of the foregoing years, 8thly, If C fhould 
die after B in the year, A having died in either of the 
foregoing years. 9thly, If A and B fhould both die in the 
year, C having died in either of the preceding years, lothly, 
If B only fhould die in the year, C having died before the 
beginning, and A lived to the end of it. And, laftly, if A 
only fhould die in the year, C having died before the begin- 
ning, and B lived to the end of it. The feveral fra&ions de~ 
noting thefe contingencies in each year being added together will 

. S bca / , md . a' + a f ' Q S mca' , nd . a' '-\-a f ' Q . 

become = — x — -\ — ~ z — - + &c. - -y x — - + — — + &c. 

abc r r abc r r 



, A. x i^. + 5iifJtfl / + &c. -4- x Z± +"L^±!l + &c. - 

* abc r r abc r r' 



4S bca r mda" nea fn * , S mca f naa" . oea' f 
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+ ^L + ^+ & c . + _x^ + ^- + ^ + &c. 
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S b—m ,c a m — n.d , n — o.e Q S b ~m.d m~n .e n — o . f 

Zbc r r" > 3 0,uc r r r* 



~— : — - ■ S ma , n . a' +a" , Q S b/ m . a ~f a » 

+ &C. +T x — + ——Z L T &C. — -- X — +— 1 h & C. + 

ab r r z ab r r l 



i.x^+^.+^+ &c. + s r x!z^ + ^iii+i=i + &c. +■ 

ab r r % t 3 b r r r$ 



S ca' , da" . ea"' t « . S v ^ . */' , >'" , » r ^ n 

denote the value of S by the firft rule in the eighth problem, 
and the firft ten feries will be =2-2 Q. The four next feries 

3 are 
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are-*^-^ — l v •■^ . - •; and the two laft feries are — D; the 
whole value of the reverfion, therefore (when C is the oldeft 

11 11 hi nwiirip — - 1 

of the three lives), is=:— — — — — 1 — [- D + 2 — 2Q. 

When A is the oldeft of the three lives, the different feries, by 
changing the fymbols, as in fome of the foregoing problems, will 

become = - x [ - + &c. — ■ — x — + — + &c. - 

abc r r' abc r r 



iLx^ + ^ + ^ + &c.+ 4>< ! ^ + -™+~-r : + &c. 



*£abc r • r \ r 3 , 6 ybc r r~ r 
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_ s _ x ifl + j=4±£ + &c. + ~ x - + — ^ + &C + 

be r r be y 

* x *: + :£' + j£ + &c. - 
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_. x + — a - + -~ T - + &c. - -, x + — — ■+ 3— +&c. 

£ r f r 3 ab r , r r\ 



-.+1. x -iz2Lif + i^Z!Lii + &c. Let Q reprefent the value of S 

by the fecond rule in the eighth problem, n and A the values 
of the fame fura on the contingency of B's dying after C* 
and on the contingency of A's dying after C refpeftively * ; then 

.„ . ■ 1 , • 1 • r \ s ^r^\ . W^B - A~AB 

will the general rule in this cate become = - • ■- — 



r— 1 .2V-B--A 



- 2Q — n +"A, or, becaufe D + 2 are = — j- II + A f » 

* See my 3d Prob. in Phil. Tranf. VoLLXXVIII. 
f See my 2d and 3d Prob. Vol. LXXVXIL 

it- 
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It will be = ~^^~~^~~^ — : + D •+ 2 - aQ 5 as above. 

When the lives are equal, the rule may be found either im 
mediately from the feries, or from the foregoing expreffions, = 



2S . r— I 



X V - 3CC - aCCC. Q. E. D* 



PROBLEM X, 

To find the value of a given fum payable on the deceafe of 
B or C, fhould either of them be the lajl that fails of the three 
lives A, B, and C. 

SOLUTION. 

The fum S can be received in the firft year only on the ex* 
tln&ion of the three lives, retrained to the contingency of 
A's life having been the firft or fecond that failed. In the 
fecond and following years it may be received provided either 
of fix events (hould happen, ift, If the three lives fhould fail 
in the year, A having been the firft or fecond that died, zdly^ 
If B and C (hould both die in the year, A having died before 
the beginning of it, ^dly. If C only fhould die in the year, 
A and B having died in either of the preceding years. 4thly, 
If B only fhould die in the year, A and C having died in either 
of the preceding years. 5thly, If B fhould die after A in the 
year, C having died before the beginning of it. 6thly, If C 
fhould die after A in the year, B having died before the 
beginning of it. From the fractions expreffing thefe feveral 
contingencies, the whole value of the reverfion will be found = 

2S mdaf ne.a'+a 7 , Q S bed ■ . md . a? + a'' 

X -j % 4. gee. - — r~ * - — H — — i H & c « ~* i 
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babe r r 2 ~ r* 6a be r i r l ^ r* 



X j — — - — -|~ ~f~ OCC. *-"• } X \r —— — 2 s 



2^/y r • r l - r 3 2^ r t 



rt , S ri/ d.a'^a" t $ da' e . a* + a" . « ^ 

C. 4 X — -4-— : h &C. X — + — r—~ + & c » 



X -f- . ■ -{*• &C» -f- — X -j- ~ ~ -j- &C. + 



3#for r r > 3a£<r 



— X . 4. ^ ^ &C. — — ~~ X — --J 2 — h &C, + 



S d . a'' e . a -\-a ,r Q S ea ' /. " + # // . 4 

— . x — + — '+ &c. — • — x ~~ +^ - -f &c, and 

2tft*r r -r A 2<W r r 

therefore the general rule (when either B or C are the oldeft 

—ill II i if m-« — i— —...i.— -~mm m H i m .i « 

r 4.1 ^ r \ mi t e • «. 2 • r-— i . BC — ABC * 

or the three lives) will be = b into — — x 

J 3 r 3' 



0.FK — AFK BK-ABK m PC-AFC d > l> L - AvT (3.tC-AVV 

"• ' 1 — ! — X — -~ X • 4^ — ■ ~ — • ' — -" >■■•- — 

£ . 2 3^r 2 £ 6£ 

/s? BT-^ABT S.F-AF ~ i . 5 - AB ot . P — AP , % . K-AK 
tcr 2b 2r 2br 2c 



r — I . C — AC d • X — AT //• . i r r% r /~r 

~ ; or (nnce the firlt five expreiiions are 



%r o.cr 



r — i BC -~ A BC 

— : — 1 ~ : ■ — M, and the fix remaining ones==R + W) it 



will be = S ' r " 1>BC " ABC ? + R+-W-M> 

r 

0^6^« A /j /^ c///^? o/" /^ /^^ //w, the fame general rule 
may be obtained. In this cafe, by, exchanging the fymbols, 

m ili um mam wwww w i —- >- iw iw \ mmmmmmm^mmmmmmmm 

the different feries will become = 7-7 x — ~i --»—*- +&c. '— ^ 



" ^ . ^ , «/ . /-f ^ , ^^ , S ^ *m/ j_ »J . g^ g 7 



-L* - — "" • — • "t-" cXCt -j** *~ — ; — X .■--■'- ""p ■" '■"■ ' 2 ' "' "T" OCC* *j* ! 



6^^ ^ r " l abc 



r 



> ■ ■■ ! » » ™ ~— — 



3!_x^-i^ + ^i^ + &c. +-x~+i-+7r +&c. 
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,— X — — • -4—- — i — „ *- -4-» <XC» •*-* «-— X — — -"4 =* -4- — - — « — f— c£C. 

be r l t 3 - 2ac /' * r 2 i / 3 * 



S A"/ . t . /' , «/" , o 23 /«* . / t nt • c 4-/' , 

„ X - + ~— + - r + &C* — -^~— X J -'_ + &C. 

2,ac r r" / 5 yber r r 
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S mt . / ?!u . / 4 ~ /' f „ ^ f S ? j/ <?r . /-h*.-" 
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X 



babe r 



-j ^-&C.+ 7 ^ X I- -—-5 .^L & c# =- S int0 

r bcr r r » 



2 . r~ I . AB- ABC . & * . HF-HFC ~rp TTT^ i * * HB-HBC 

y bb a c o^a 



3* r 



2^ j 6£r 



x . B — bC r-i . A-AC *.H-HC .^.N-NC T , 

. ~H -- — -• In order to 



2r r ia lar 



get the fame general rule as that given above in the cafe of B 
or Cs being the oldeft of the three lives, it is to be obfervecL 
that the fir ft five expreffions, by the fecond part of the foluti'on 

of Prob. i. appear to be — ? -^— M + E. And (fup- 

poling r to reprefent the value of S on the contingency of A's 
dying after C) that the laft three expreffions appear to be 

■- _ r _ __ . But E is = R -^ , and W muft 



be==- — ^— 1 ^~- L --r; therefore, the fum of the above 

r . 



S . r-^i . BC-ABC 



expreffions may be eafily found = — = u_£ — + R + W 

- M. 
If the three lives be of equal age, the value of the rever- 



2S . r — I 



fion will be = — — ■ — x V-L. This expreffion may be de* 

lived either from the foregoing general rule, or immediately 

from 
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frorp the different feries, and is known to be accurately true 
from felf-eyident principles. Q. E. D. 



I have now given general rules for determining the values of 
reverfions depending upon three lives in every cafe which, as 
far as I can difcover, will admit of an exa£i folution. The 
remaining cafes, which are nearly equal in number to thofe I 
have inveftigated, involve a contingency for which it appears 
very difficult to find fuch a general expreffion as fhajl not 
render the rules much too complicated and laborious* The 
contingency to which prefer is that of one life $ failing after 
another in any given time. The fra&ions expreffing this proba- 
bility are every year increafing, fo that the value of the rever- 
lion muft be reprefented by as many feries at leaffc as are equal 
to the difference between the age of one of the lives, and that 
of the oldeft life in the table of obfervations. I have indeed fo 
far fucceeded in the method of approximation as that the rever- 
fion may be generally ascertained within about ^th part of its 
exadt value; but I (hall not trouble the Royal Society at 
prefent with thefe inveftigations. 

The 34th, 35th, and 36th problems in Mr. Simpson's Se- 
le£ Exercifes involve, this contingency, and, by the affiftance 
of M. de Moivre's hypothefis, admit of an eafy folution. 
But fuch is the fallacy of this hypothefis, that it renders Mr. 
Simpson^ conclufions obvioufly wrong, though his reafoning 
is perfeSly correct : for it cannot furely be an equal chance in 
all cafes that one life fhali die after another. In the fliort 
term of a fingle year the chances are indeed fo nearly equal, 
that it would be wrong to perplex the folution by attempting 

O o 2 greater 
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greater accuracy. But when the number of years* and the 
difference between the ages of the two lives are, considerable, 
thofe chances mud vary in proportion ; and, therefore, unlefs 
the contingency is blended with another which fhall very much 
diminiih the probability of the event, the folution^ by thus 
indifcriminately fuppofing the chances to be equal, miift be 
rendered extremely inaccurate. In Mr. Simpson's 36th -pro- 
blem the folution by this means appears to be abfurd t for, in 
the particular cafe in which C is the oldeft of the three lives, 

the value of the reverfionary annuity becomes— — — ; that 

is, the value of an annuity in this cafe during the life of C 
after B and A, provided A dies firft, is the fame whatever be 
the age of B ; for no mention is made of his life in the fore- 
going expreffion. It fhould be obfetved, however, that the 
rule itfelf is ftridlly true, and that the error arifes from Mr* 
Simpson's having been milled by the hypothefis in determin- 
ing the probability of B 9 s dying after A in his inveftigation of 
the 34th problem, which is applied to the folution of this 
problem *■• 

I have declined giving fpecimens of the different values of 
the re verfions as deduced from the foregoing rules and thofe 
which have been hitherto publifhed, not only from an appre- 
henfion of becoming tedious, but alfo from the convi&ion 
that at prefent they are unneceffary ; thofe which I have for- 
merly given being, I think, fufficient to prove the inaccuracy 
of M. de Moivre's hypothefis. In thofe inftances in which I 
huve compared fome of the foregoing rules with the approxi- 

* It is proper to obferve, that I have followed Mr. Simpson's method of 
determining this contingency in the 23d, 27th, 38th, and 29th Problems in my 
Treatife on Annuities, 
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mations now in life, I have invariably found the latter to be 
erroneous; nay, in fome cafes, the values were almoft twice 
as great as they ought to have been. This is particularly true 
when one of the lives is very young, and both or either of the 
other lives are very old. In reverfions of this kind I believe 
that this is generally the cafe, and that it feldom happens that 
the ages of the three lives are nearly equal* The- approxima- 
tions therefore can hardly ever be ufed with fafety, and it will 
certainly be moft prudent not to have recourfe to them when 
the correft values can be obtained. Should the difficulties 
attending the folution of the remaining problems which in- 
volve three lives be furmounted (and the talk may not perhaps 
be impoffible), the hypothefis of an equal decrement of life, as 
far as it relates to any ufeful purpofe in the doftrine of annui- 
ties, may then be totally abandoned. Or fliould it even be 
found impracticable to deduce folutions of thofe problems 
which are ftri&ly and accurately true ; yet, I am fatisfied from 
my own experience that fuch near approximations may be pro- 
cured as to render this hypothefis equally unneceffary* 




